
£ÂˆÚÔ‡ÌÂ ÙËÓ ÂÍ›ÛˆÛË (z+1)Ó + (z-1)Ó =·  (1) fiÔ˘ · Â›Ó·È
Ë ·ÎÙ›Ó· ÙÔ˘ Î‡ÎÏÔ˘ 

Î·È Ó Â›Ó·È Ê˘ÛÈÎfi˜ ¿ÚÙÈÔ˜.  ¡· ‰ÂÈ¯ıÂ› fiÙÈ Ë ÂÍ›ÛˆÛË (1) ‰ÂÓ
¤¯ÂÈ Ú›˙· ÛÙÔ R.

£ÂˆÚÔ‡ÌÂ ÙÔÓ ÌÈÁ·‰ÈÎfi z=x+yi, ÌÂ Im(z) .  ¡· ÌÂ-
ÏËÙËıÂ› ˆ˜ ÚÔ˜ ÙËÓ ÌÔÓÔÙÔÓ›· Ë Û˘Ó¿ÚÙËÛË

ÌÂ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ Û‡ÓÔÏÔ

¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË ÌÂ Ù‡Ô

i) Ó· ‚ÚÂıÂ› Ô ·
ii) ‰Â›ÍÙÂ fiÙÈ Ë f Â›Ó·È .

¢›ÓÔÓÙ·È ÔÈ Ú·ÁÌ·ÙÈÎ¤˜ Û˘Ó·ÚÙ‹ÛÂÈ˜ ÌÂ f(A)=B
Î·È ÌÂ g(B)=A ( ). ∞Ó Â›Ó·È (fog)(x) = x, 
Î·È (gof)(x), , Ó· ‰ÂÈ¯ıÂ› fiÙÈ
·) √È f, g Â›Ó·È 
‚) f-1(x) = g(x), Î·È g-1(x) = f(x), 

ŒÛÙˆ , Ë ÔÔ›· Â›Ó·È ÁÓËÛÈˆ˜ ·‡ÍÔ˘Û·. ¡· ‰Â›-
ÍÂÙÂ fiÙÈ
·. ∏ f-1 Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ f(A)
‚. ∏ Ú›˙· ÙË˜ ÂÍ›ÛˆÛË˜ f(x) = f-1(x) Â›Ó·È Î·È Ú›˙· ÙË˜ ÂÍ›Ûˆ-
ÛË˜ f(x) = x

ÕÚ· Ë (3) ·ÚÈÛÙ¿ÓÂÈ ÂÍ›ÛˆÛË Î‡ÎÏÔ˘ ÌÂ Î¤ÓÙÚÔ ÙËÓ ÂÈÎfiÓ·

ÙÔ˘ z0 Î·È ·ÎÙ›Ó· Ú = 1, ÔfiÙÂ · = 1
∏ (1) ÁÚ¿ÊÂÙ·È (z + 1)Ó + (z - 1)Ó = 1. ŒÛÙˆ fiÙÈ ÌÈ· Ú·Á-
Ì·ÙÈÎ‹ Ú›˙· z = ‚, ÙfiÙÂ (‚ + 1)Ó + (‚ - 1)Ó = 1
∂ÂÈ‰‹ Ó ¿ÚÙÈÔ˜ ¿Ú· ÈÛ¯‡ÂÈ

Î·È 

¿Ú· Î·È 
√È Û¯¤ÛÂÈ˜ ÁÚ¿ÊÔÓÙ·È

Ô˘ Â›Ó·È ¿ÙÔÔ ‰ÈfiÙÈ Ë Ï‡ÛË ‚ = 0 ‰ÂÓ Â·ÏËıÂ‡ÂÈ ÙËÓ (1)

ŒÛÙˆ z=x+yi ¿Ú· Ë (2) ÁÚ¿ÊÂÙ·È 

‹ 
Œ¯Ô˘ÌÂ ·ÎfiÌ·  

‘∞Ú· Ë ÔÚ›˙ÂÙ·È ÛÙÔ .

ŸÔÙÂ ÁÈ· x1 < x2< 0 Â›Ó·È 

¿Ú· Ë f Â›Ó·È ÁÓ‹ÛÈ· ·˘ÍÔ˘Û· ÛÙÔ 

i) ∞ÊÔ‡ Ë ÛËÌ·›ÓÂÈ fiÙÈ Î·È ÙÔ f(0) Î·È ÙÔ f(1)
ı·  ·Ó‹ÎÔ˘Ó ÛÙÔ [0,  1]. ŸÌˆ˜ f(0) = · Î·È ÙÔ f(1) = · + 1
¿Ú· 

√fiÙÂ Ë 

ii) ‘∂ÛÙˆ 

∂›Ó·È ¿Ú· 
Ô  fi Ù Â

ÕÚ· x1 - x2 = 0 ÔfiÙÂ Ë f “1-1”

·) ŒÛÙˆ 
·Ó ‹Ù·Ó f(x1) = f(x2) ÙfiÙÂ ı· Â›¯·ÌÂ

ÕÙÔÔ

¿Ú· Â›Ó·È ¿Ú· f “1-1”

fiÌÔÈ· ‰Â›¯ÓÔ˘ÌÂ fiÙÈ Ë g Â›Ó·È “1-1”

‚) ∞ÊÔ‡ f, g “1-1” ¿Ú· ̆ ¿Ú¯Ô˘Ó ÔÈ Î·È
. πÛ¯‡ÂÈ  

ŸÌÔÈ· ·fi ÙÔ (gof)(x) = x, ‰Â›¯ÓÔ˘ÌÂ fiÙÈ 
f(x) = g-1(x), 

·. ŒÛÙˆ ÙfiÙÂ

Î·È 

∂›Ó·È 

(·ÊÔ‡ f Â›Ó·È ÁÓ‹ÛÈ· ·‡ÍÔ˘Û·)
¿Ú· f-1 ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ f(A)
‚. ŒÛÙˆ fiÙÈ Â›Ó·È Ú›˙· ÙË˜ ÂÍ›ÛˆÛË˜ 
f(x) = f-1(x) ¿Ú· Â›Ó·È f(x0) = f-1(x0).
£· ‰Â›ÍÔ˘ÌÂ fiÙÈ f(x0) = x0
ŒÛÙˆ fiÙÈ ‹  
∞Ó f(x0) < x0 ÙfiÙÂ f-1(f(x0)) < f-1(x0) ‹ x0 < f(x0) (ÕÙÔÔ)
∞Ó f(x0) > x0 ÙfiÙÂ f-1(f(x0)) > f-1(x0) ‹ x0 > f(x0) (ÕÙÔÔ)
ÕÚ· f(x0) = x0

∆∞ £∂ª∞∆∞ ∂¶πª∂§∏£∏∫∞¡ ∆∞  ºƒ√¡∆π™∆∏ƒπ∞ 

Ã∞™π∞∫∏™Ã∞™π∞∫∏™
ÛÙÔv ¶∂πƒ∞π∞

f(x0) > x0f(x0) ≠ x0 ⇔ f(x0) < x0 

x0 ∈ A ∩ f(A)

y1 < y2 ⇔ f(f -1(y1)) < f(f -1(y2 ⇔ f -1(y1) < f -1(y2)

y2 = f(f -1(y2))y1 = f(f -1(y1))

y1, y2 ∈ f(A),

§Y™H 5Ô˘ £∂ª∞∆√™

x ∈ A
x ∈ A

⇒ (f -1of)(g(x)) = f -1(x), x ∈ B ⇒ g(x) = f -1(x), x ∈ B 

⇒ f -1o(fog)(x) = f -1(x), x ∈ B

(fog)(x) = x, x ∈ Bg -1 : A → B
f -1 : B → A

f(x1) ≠ f(x2)

g(f(x1)) = g(f(x2)) ⇔ x1 = x2

x1 ≠ x2  (x1, x2 ∈ A)

§Y™H 4Ô˘ £∂ª∞∆√™

⇔ x1 = x2

x1 + 1 + x2(1 - x1) ≥ 1 > 0

x2(1 - x1) ≥ 0x1 ≥ 0 , x2 ≥ 0 , 1 - x1 ≥ 0 

⇔ (x1 - x2)(x1 + 1 + x2(1 - x1)) = 0

⇔ (x1 - x2)(x1 + x2 - x1x2 + 1) = 0 ⇔

⇔ (x1 - x2)(x1 + x2) - x1x2(x1 - x2) + (x1 - x2) = 0

⇔ x1
2 + x1x2

2 + x1 - x2
2 - x1

2x2 - x2 = 0

⇔ (x1
2 + x1)(x2

2 + 1) = (x2
2 + x2)(x1

2 + 1)

f(x1) = f(x2) ⇔ x1(x1 + 1)

x1
2 + 1

 = x2(x2 + 1)

x2
2 + 1

 

x1, x2 ∈ [0, 1] µε 

f(x) = x(x + 1)

x2 + 1
 , x ∈ [0, 1]

⇔ α = 0

α ∈ [0, 1] ⇔ 0 ≤ α ≤ 1

α + 1 ∈ [0, 1] ⇔ 0 ≤ α + 1 ≤ 1
⇔{ 0 ≤ α ≤ 1

- 1 ≤ α ≤ 0

f:[0,1] → [0,1]

§Y™H 3Ô˘ £∂ª∞∆√™

(- ∞, 0)

- 1
2

x1
2 + 1

2
 < - 1

2
x2

2 + 1
2

 ⇔ f(x1) < f(x2)

x1
2 > x2

2 ⇔ - 1
2

x1
2 < - 1

2
x2

2 ⇔ 

(- ∞, 0)f(x) = - 1
2

 x2 + 1
2

⇔ x2 + 2x + 1 + y2 < x2 - 2x + 1 + y2 ⇔ 4x < 0 ⇔ x < 0

⇔ (x + 1)2 + y2 < (x-1)2 + y2 

⇔ x + yi + 1  < x + yi - 1  ⇔ (x + 1) + yi  < (x - 1) + yi  

z + 1
z - 1

 < 1 ⇔ z + 1  < z - 1  ⇔ 

f(x) = - 1
2

x2 + 1
2

⇔ x2 + y2 = 1 - 2y + y2 ⇔ y = 1 - x2

2

⇔ x2 + y2  + y = 1 ⇔ x2 + y2  = 1 - y ⇔

z  + Im(z) = 1 ⇔ 

§Y™H 2Ô˘ £∂ª∞∆√™

{ - 1 ≤ β + 1 ≤ 1

- 1 ≤ β - 1 ≤ 1
 ⇔ { - 2 ≤ β ≤ 0

0 ≤ β ≤ 2
⇔ {β = 0

β - 1
ν
 ≤ 1β + 1

ν
 ≤ 1

(β - 1)
ν
 ≤ 1(β + 1)

ν
 ≤ 1

⇔ z - z0
2 = 1 ⇔ z - z0  = 1 (3)

z ⋅  (z - z0) - z0 ⋅  (z - z0) = 1 ⇔ (z - z0) ⋅  (z - z0) = 1

⇔ z⋅ z + z0 ⋅  z0 - z ⋅  z0 - z ⋅  z0 = 1

⇔ z⋅ z + z0
2 = 2 ⋅  

z ⋅  z0 + z ⋅  z0

2
 +1

z ⋅  z = 2Re(z ⋅  z0) + 1 - z0
2 ⇔ 

§Y™H 1Ô˘ £∂ª∞∆√™

§Y™EI™

f : A → R

5Ô £∂ª∞ 

x∈Ax∈B
"1-1"

x∈A
x∈BA ≠ Bg:B→A

f:A→B

4Ô £∂ª∞ 

″1-1″

f(x) =
(x+1)⋅ (x+α)

x2+1
 

f:[0,1] → [0,1]

3Ô £∂ª∞ 

z∈C / z+1
z-1

 <1

z  + Im(z) =1   (2)

≤1,  x∈R

2Ô £∂ª∞ 

z⋅ z = 2Re z⋅ zo  + 1-zo
2    (2)

1Ô £∂ª∞ 

ª·ıËÌ·ÙÈÎ¿ K·ÙÂ‡ı˘ÓÛË˜
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