
ŒÛÙˆ ƒ(x) ¤Ó· ÔÏ˘ÒÓ˘ÌÔ ÙÔ ÔÔ›Ô ¤¯ÂÈ Ú›˙· ÙÔ Ú ÌÂ ÔÏ-
Ï·ÏfiÙËÙ· Î. ¢Â›ÍÙÂ fiÙÈ ÙÔ P’(x) ¤¯ÂÈ ÙÔ Ú Ú›˙· ÌÂ ÔÏÏ·-
ÏfiÙËÙ· Î - 1

¢›ÓÔÓÙ·È ÔÈ Ú·ÁÌ·ÙÈÎÔ› ·ÚÈıÌÔ› ·, ‚ ÌÂ (1). ∞Îfi

Ì· ıÂˆÚÔ‡ÌÂ ÙËÓ Û˘Ó¿ÚÙËÛË f ÌÂ f(x) = ·x-1 + ‚lnx, x>0. ∞Ó
ÁÈ· Î¿ıÂ x>0 ÈÛ¯‡ÂÈ , Ó· ‚ÚÂıÔ‡Ó Ù· · Î·È ‚.

ŒÛÙˆ Ë Û˘Ó¿ÚÙËÛË f : [·, ‚] R Ë ÔÔ›· Â›Ó·È Û˘ÓÂ¯‹˜ Î·È
·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (·, ‚) ÌÂ f(·) = f(‚) = 0. ∞Ô‰Â›ÍÙÂ ÁÈ·
Î¿ıÂ Ï R, ̆ ¿Ú¯ÂÈ ¤Ó· ÙÔ˘Ï¿¯ÈÛÙÔÓ Í (·, ‚) : f ’(Í) =  
Ï f(Í) (1)

ŒÛÙˆ Ë ·Ú·ÁˆÁ›ÛÈÌË Û˘Ó¿ÚÙËÛË f : R R ÌÂ f ’ Ó· Â›Ó·È
1-1. ¡· ‰Â›ÍÂÙÂ fiÙÈ Î¿ıÂ ÂÊ·ÙÔÌ¤ÓË ÙË˜ Cf ¤¯ÂÈ ¤Ó· Î·È ÌÔ-
Ó·‰ÈÎfi ÎÔÈÓfi ÛËÌÂ›Ô ÌÂ ÙËÓ Cf.

¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË f ÌÂ .  ¡· ‚ÚÂ›ÙÂ Ù· ‰È·

ÛÙ‹Ì·Ù· ÌÔÓÔÙÔÓ›·˜ ÙË˜ f.

ŒÛÙˆ ÔÈ ·Ú·ÁˆÁ›ÛÈÌÂ˜ ÛÙÔ R Û˘Ó·ÚÙ‹ÛÂÈ˜ f,g,h ÌÂ
f(1)=g(1)=0.  ∂›ÛË˜ ÁÈ· Î¿ıÂ ÈÛ¯‡ÂÈ

Î·È 

¡· ‰ÂÈ¯ıÂ› fiÙÈ ÁÈ· Î¿ıÂ x R ÈÛ¯‡ÂÈ f(x) = g(x) = 0

¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË 

i) ¡· ÌÂÏÂÙËıÂ› Ë f ̂ ˜ ÚÔ˜ ÙËÓ ÌÔÓÔÙÔÓ›·
ii) ¡· ‰Â›ÍÂÙÂ fiÙÈ ÁÈ· Î¿ıÂ x 0 ÈÛ¯‡ÂÈ 

∂ÂÈ‰‹ ÙÔ Ú Â›Ó·È Ú›˙· ÙÔ˘ ƒ(x) ÔÏÏ·ÏfiÙËÙ·˜ Î, ÙÔ ƒ(x)
ÁÚ¿ÊÂÙ·È ƒ(x) = (x - Ú)Î Q(x) ÌÂ Q(Ú) 0
∂›Ó·È 

fiÔ˘ ¶(x) = ÎQ(x) + (x - Ú) Q’(x)
ÌÂ ¶(Ú) = Î Q(Ú) 0
Î·È ¤ÙÛÈ P’(x) = (x - Ú)Î-1 ¶(x) ÌÂ ¶(Ú) 0. ™˘ÓÂÒ˜ ÙÔ Ú

Â›Ó·È Ú›˙· ÙÔ˘ P’(x) ÔÏÏ·ÏfiÙËÙ·˜ Î - 1.

¶·Ú·ÙËÚÔ‡ÌÂ fiÙÈ f(1) = ·1-1 + ‚ln1 = ·0 + ‚0 = 1+1 = 2
√fiÙÂ ÁÈ· Î¿ıÂ x > 0 ÈÛ¯‡ÂÈ f(x) f(1) = 2, ‰ËÏ·‰‹ ÙÔ 2 Â›-
Ó·È ÂÏ¿¯ÈÛÙÔ. ∏ f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (0, + ) ÌÂ

∂ÂÈ‰‹ Ë f ·ÚÔ˘ÛÈ¿˙ÂÈ ·ÎÚfiÙ·ÙÔ  x0 = 1 ÛÙÔ ÔÔ›Ô Ë f Â›Ó·È
·Ú·ÁˆÁ›ÛÈÌË, Û‡ÌÊˆÓ· ÌÂ £. Fermat Â›Ó·È f ’(1) = 0 
·0ln· + ‚0ln‚ = 0 ln· + ln‚ = 0 ln(·‚) = 0 

· ‚ = 1 (2)
∞fi (1) (2) ÚÔÎ‡ÙÂÈ ÙÔ Û‡ÛÙËÌ·

‹    

Œ¯Ô˘ÌÂ ·fi ÙËÓ (1) ÈÛÔ‰‡Ó·Ì· 
f ’(Í) - Ïf(Í) = 0 e-ÏÍ f ’(Í) - Ï e-ÏÍ f(Í) = 0 

(e-ÏÍ f(Í))’ = 0
£ÂˆÚÔ‡ÌÂ ÙË Û˘Ó¿ÚÙËÛË g ÌÂ g(x) = e-Ïx f(x) , x [·, ‚]
∏ g Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ [·, ‚] Î·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (·,‚) ÌÂ
g(·) = e-Ï· f(·) = 0 , g(‚) = e-Ï‚ f(‚) = 0
ÕÚ· Ë g ÈÎ·ÓÔÔÈÂ› ÙÈ˜ ÚÔ¸Ôı¤ÛÂÈ˜ ÙÔ˘ £. Rolle ÛÙÔ [·, ‚]
ÔfiÙÂ ˘¿Ú¯ÂÈ Í (·, ‚) : g’(Í) = 0. Œ¯Ô˘ÌÂ g’(x) = (e-Ïx)’

f(x) + e-Ïx f ’(x) = -Ïe-Ïx f(x) + e-Ïx f ’(x)
¿Ú· g’(Í) = 0 e-ÏÍ (-Ïf(Í) + f ’(Í)) = 0 
-Ïf(Í) + f ’(Í) = 0 f ’(Í) = Ïf(Í)

ŒÛÙˆ (Â) Ë Ù˘¯·›· ÂÊ·ÙÔÌ¤ÓË ÙË˜ Cf ÛÙÔ ª (x0, f(x0))
ÙfiÙÂ Ë ÂÍ›ÛˆÛË ÙË˜ (Â) Â›Ó·È
y - f(x0) = f ’(x0)(x - x0) ÌÂ ÏÂ = f ’(x0)
∞˜ ̆ Ôı¤ÛÔ˘ÌÂ fiÙÈ Ë (Â) Ù¤ÌÓÂÈ ÙËÓ Cf Î·È ÛÂ ¤Ó· ¿ÏÏÔ ÎÔÈÓfi
ÛËÌÂ›Ô ¡(x1, y1) ÌÂ x1 x0
ŒÛÙˆ fiÙÈ Â›Ó·È x1 > x0 , ÙfiÙÂ 

™ÙÔ [x0, x1] Ë f ÈÎ·ÓÔÔÈÂ› ÙÈ˜ ̆ Ôı¤ÛÂÈ˜ ÙÔ˘ £.ª.∆. ÔfiÙÂ ̆ -
¿Ú¯ÂÈ ¤Ó· ÙÔ˘Ï¿¯ÈÛÙÔÓ Í (x0, x1) ÒÛÙÂ

¿ÙÔÔ ‰ÈfiÙÈ x0 < Í < x1
ŸÌÔÈ· ·Ó ıÂˆÚ‹ÛÔ˘ÌÂ fiÙÈ x1 < x0

∂›Ó·È . ∏ f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ∞ ˆ˜ ·ÔÙ¤-
ÏÂÛÌ· Ú¿ÍÂˆÓ ·Ú·ÁˆÁ›ÛÈÌˆÓ Û˘Ó·ÚÙ‹ÛÂˆÓ ÌÂ 

∆Ô ÚfiÛËÌÔ ÙË˜ ·Ú·ÁÒÁÔ˘ ÂÍ·ÚÙ¿Ù·È ·ÔÎÏÂÈÛÙÈÎ¿ ·fi
ÙÔ ÚfiÛËÌÔ ÙÔ˘ ·ÚÈıÌËÙ‹
- °È· 0<x<1 Â›Ó·È x-1<0 Î·È lnx<0 ÔfiÙÂ 2(x-1)+lnx<0

- °È· x>1 Â›Ó·È 2(x-1) >0 Î·È lnx >0 ÔfiÙÂ 2(x-1)+lnx>0

ÕÚ· Ë f ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ (0,1] Î·È f ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û·
ÛÙÔ .

£ÂˆÚÔ‡ÌÂ ÙËÓ Û˘Ó¿ÚÙËÛË Ê ÌÂ Ê(x) = f 2(x) + g 2(x), x R
Â›Ó·È Ê’(x) = 2f(x) f ’(x) +2g(x) g’(x) 
= 2f(x) g(x) h(x) + 2g(x) (-f(x) h(x)) = 0 , x R
¿Ú· Ê(x) = c. 
°È·  x = 1      Ê(1) = f 2(1) + g2(1) Ê(1) = 0 ¿Ú· c = 0
ÔfiÙÂ ÁÈ· Î¿ıÂ x R
f 2(x) + g 2(x) = 0 f(x) = g(x) = 0

i) ∂›Ó·È ∞ = R , Ë f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÌÂ

∆Ô ÚfiÛËÌÔ ˆ˜ ·Ú¿ÁˆÁÔ˜ ÂÍ¿ÚÙ·Ù·È ·ÔÎÏÂÈÛÙÈÎ¿ ·fi
ÙÔ ÙÚÈÒÓ˘ÌÔ Ïx2 - 2x + Ï3.  
¢ = 4 - 4Ï4 = 4(1 - Ï4) < 0  ‰ÈfiÙÈ  Ï > 1  ¿Ú· ÁÈ· Î¿ıÂ x R
Â›Ó·È Ïx2 - 2x + Ï3 > 0
ÔfiÙÂ f ’(x) > 0 ¿Ú· f ÛÙÔ R
ii) f ÛÙÔ R, ¿Ú· x 0 f(x) f(0)

Î·È ÁÈ· Ï=2010 ÚÔÎ‡ÙÂÈ Ë ̇ ËÙÔ‡ÌÂÓË ·ÓÈÛfiÙËÙ·.
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§Y™H 5Ô˘ £∂ª∞∆√™

) ⇒
f' 1-1

ξ = x0

f'(ξ) = f(x1) - f(x0)
x1 - x0

 = λε = f'(x0) ⇔ f'(ξ) = f'(x0)

∈
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 = f'(x0)
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 {α + β = 5
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α ⋅  β = 1
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= αx-1 ⋅  lnα + 1
x

β
lnx

 ⋅  lnβ , x > 0

f'(x) = αx-1 ⋅  lnα ⋅  (x-1)' + β
lnx

 ⋅  lnβ (lnx)' 
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§Y™H 2Ô˘ £∂ª∞∆√™

≠⋅ 
≠⋅ 

⋅ 

= (x - ρ)κ-1 ⋅  [κ ⋅  Q(x) + (x - ρ) ⋅  Q'(x)] = (x - ρ)κ-1 ⋅  Π(x)

P'(x) = κ(x - ρ)κ-1 ⋅  Q(x) + (x - ρ)κ ⋅  Q'(x) 

≠⋅
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7Ô £∂ª∞ 

∈

g′(x) = -f(x)⋅ h(x)f′(x) = g(x)⋅ h(x)

x∈R

6Ô £∂ª∞ 

f(x) = x - lnx
2 x
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f(x) ≥ 2

α + β = 5
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