
¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË Ë ÔÔ›· Â›Ó·È ·Ú·Áˆ-
Á›ÛÈÌË ÌÂ 
∞Ó f(e)=1, Ó· ‚ÚÂıÂ› Ô Ù‡Ô˜ ÙË˜ f.

ŒÛÙˆ Ë Û˘ÓÂ¯‹˜ Û˘Ó¿ÚÙËÛË ÌÂ f(0) =0 Ë Ô
Ô›· ¤¯ÂÈ ·Ú¿ÁˆÁÔ ÛÙÔ ÌÂ ÁÓ‹ÛÈ· ·‡ÍÔ˘Û·
ÛÙÔ . £ÂˆÚÔ‡ÌÂ ÙËÓ Û˘Ó¿ÚÙËÛË g ÌÂ 

¡· ·Ô‰ÂÈ¯ıÂ› fiÙÈ Ë g Â›Ó·È ÁÓ‹ÛÈ· ·‡ÍÔ˘Û· ÛÙÔ .

ŒÛÙˆ , Ë ÔÔ›· Â›Ó·È ‰‡Ô ÊÔÚ¤˜ ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ
R ÌÂ Î·È ÁÈ· Î¿ıÂ ÈÛ¯‡ÂÈ  

fiÔ˘ . ¡· ‰ÂÈ¯ıÂ› fiÙÈ .

¢›ÓÔÓÙ·È ÔÈ ÌÈÁ·‰ÈÎÔ› z=Ï(1+i · ËÌx)  Ï>0, ·>0 Î·È
w=Ï+Ï.ËÌx +Ïi ÁÈ· ÙÔ˘˜ ÔÔ›Ô˘˜ ÈÛ¯‡ÂÈ fiÙÈ .
¢Â›ÍÙÂ fiÙÈ ·=e.

∞Ó ÁÈ· ÙÔÓ ÌÈÁ·‰ÈÎfi z ÈÛ¯‡ÂÈ , ÁÈ· Î¿ıÂ 
Ó· ‰Â›ÍÂÙÂ fiÙÈ z I.

ŒÛÙˆ Ë ·Ú·ÁˆÁ›ÛÈÌË Û˘Ó¿ÚÙËÛË f ÁÈ· ÙËÓ ÔÔ›· ÈÛ¯‡ÂÈ
Ó· ‚ÚÂıÔ‡Ó ÔÈ f(1), f(3)

∏ (2) ÁÈ· x=e ‰›ÓÂÈ: 
√fiÙÂ 

∏ g Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ˆ˜ ËÏ›ÎÔ ·Ú·ÁˆÁ›-
ÛÈÌˆÓ Û˘Ó·ÚÙ‹ÛÂˆÓ ÌÂ 

™ÙÔ [0,x) Ë f ÈÎ·ÓÔÔÈÂ› ÙË˜ ÚÔ¸Ôı¤ÛÂÈ˜ ÙÔ˘ £.ª.∆. Ôfi-
ÙÂ ˘¿Ú¯ÂÈ ÙÔ˘Ï¿¯ÈÛÙÔÓ ¤Ó· ¤ÙÛÈ ÒÛÙÂ

∏ (1) ‚¿ÛÂÈ ÙË˜ (2) Á›ÓÂÙ·È: 

∂ÂÈ‰‹ Ë Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û·, ÈÛ¯‡ÂÈ  

¿Ú· ÔfiÙÂ Ë g Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ

∂›Ó·È ÂÔÌ¤Óˆ˜ ıÂˆÚÔ‡ÌÂ fiÙÈ ·<‚.  ™ÙÔ [·, ‚] Ë f ÈÎ·-

ÓÔÔÈÂ› ÙÈ˜ ÚÔ˛Ôı¤ÛÂÈ˜ ÙÔ˘ £.ª.∆ ÔfiÙÂ ̆ ¿Ú¯ÂÈ ÙÔ˘Ï¿-
¯ÈÛÙÔÓ ¤Ó· ¤ÙÛÈ ÒÛÙÂ

∂ÂÈ‰‹ ÁÈ· Î¿ıÂ Â›Ó·È ¿Ú· Ë Â›Ó·È ·‡-

ÍÔ˘Û· ÛÙÔ R ÔfiÙÂ ÁÈ· ·<Í<‚ ÈÛ¯‡ÂÈ 
‰ËÏ·‰‹ 

ÕÚ· Ë (1) ÏfiÁˆ ÙË˜ (2) Á›ÓÂÙ·È f(‚) - f(·) =0 (‚-·) 
f(‚) - f(·)=0 f(‚) = f(·)

∂›Ó·È  z.w =Ï (È +È ·ËÌx) (Ï+ÏËÌx +ÏÈ)
= Ï2[1+ËÌ¯ - ·ËÌx +(1+(1+ËÌx)·ËÌx) È]
¿Ú· Re(zw) = Ï2 + Ï2 ËÌx - Ï2 .·ËÌx

√fiÙÂ ÏfiÁˆ ÙË˜ (1) ÈÛ¯‡ÂÈ Ï2 + Ï2 ËÌx - Ï2 .·ËÌx 0, ÁÈ· Î¿-
ıÂ .
£ÂˆÚÔ‡ÌÂ f(x) = Ï2 + Ï2 ËÌx - Ï2 .·ËÌx Â›Ó·È f(x) 0 ÁÈ· Î¿ıÂ

.
°È· x=Î, Î ∑ Â›Ó·È f(Î)=0 ÔfiÙÂ ÁÈ· Î¿ıÂ Â›Ó·È
f(x) f(Î) ¿Ú· Ë f ÛÙÈ˜ ı¤ÛÂÈ˜ x=Î ·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯È-
ÛÙÔ.   ∏ f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R ÌÂ 

.

H f ·ÚÔ˘ÛÈ¿˙ÂÈ ·ÎÚfiÙ·ÙÔ ÛÙÈ˜ ÂÛˆÙÂÚÈÎ¤˜ ı¤ÛÂÈ˜ x=Î,
Î ∑ ÔfiÙÂ Û‡ÌÊˆÓ· ÌÂ ÙÔ ıÂÒÚËÌ· Fermat:

(1)

£ÂˆÚÒ ¿Ú· ÏfiÁˆ ÙË˜ (1) Â›Ó·È

∏ f ÈÎ·ÓÔÔÈÂ› ÙÈ˜ ˘Ôı¤ÛÂÈ˜ ÙÔ˘ £ÂˆÚ‹Ì·ÙÔ˜ Fermat ¿Ú·

ÕÚ·

√fiÙÂ 

∂Ê·ÚÌfi˙ˆ £.ª.∆ ÛÙÔ [1,3] f Û˘ÓÂ¯‹˜ ÛÙÔ [1,3], f ·Ú·Áˆ-
Á›ÛÈÌË ÛÙÔ (1,3) ¿Ú· ̆ ¿Ú¯ÂÈ

. 

πÛ¯‡ÂÈ fiÙÈ ,  ÁÈ· x=Í ÙfiÙÂ:

ÕÚ· f(1)=1,  f(3)=2

∆∞ £∂ª∞∆∞ ∂¶πª∂§∏£∏∫∞¡ ∆∞  ºƒ√¡∆π™∆∏ƒπ∞ 

Ã∞™π∞∫∏™Ã∞™π∞∫∏™
ÛÙÔv ¶∂πƒ∞π∞

⇔(f(1) +1)2+(f(3) - 2)2 ≤ 0

⇔f2(1) + 2f(1) + f2(3) - 4f(3) + 5 ≤ 0 ⇔

4f(3) - 4f(1) ≥ f2(1) + f2(3) - 2f(1) +5 ⇔

8⋅  f(3) - f(1)

2
 ≥ f2(1) + f2(3) - 2f(1)+5⇔

8f′(x) ≥ f2(1) + f2(3) - 2f(1) + 5

ξ∈ (1,3) : f′(ξ) = f(3) - f(1)

2
 (1)

§Y™H 6Ô˘ £∂ª∞∆√™

⇔ zz - z - z +1= zz + z + z +1 ⇔ z = -z ⇔ z∈I

⇔ (z-1)⋅ (z-1) = (z+1)⋅ (z+1) ⇔ 

f ′(0) = 0 ⇒ z-1  = z+1  ⇔ (z-1)⋅ (z-1) = (z+1)⋅ (z+1)

f ′(x) = e z-1 ⋅x (z-1  x)′ - z+1  = e z-1 ⋅x z-1  - z+1  

f′(0) = 0

f(x) ≥ 0 ⇒ f(x) ≥ f(0)     (f(0)=0)

f(x) = e z-1 ⋅x - z+1  x-1

e z-1 ⋅x ≥ z+1  x+1⇔ e z-1 ⋅x - z+1  x-1 ≥ 0 

(σ˘ν(κπ) = (-1)κ) ⇔ 1 - lnα =0 ⇔ lnα = 1 ⇔ α = e

f′(κπ) = 0 ⇒ λ
2

σ˘ν(κπ) - lnα⋅σ˘ν(κπ)⋅ αηµ(κπ)  = 0

∈ 

f′(x) = λ
2

σ˘∨x - lnα⋅σ˘∨x⋅ αηµx ,  x∈R

≥
x ∈ R∈ 

x ∈ R

≥
x ∈ R

≥

⇔ 4Re (zw) ≥ 0 ⇔ Re (zw) ≥ 0 (1)

⇔ 2zw +2z w ≥ 0 ⇔ 2 (zw + z w) ≥ 0 ⇔

z z - z w - wz + w w ≤ z z + zw + w z + w w ⇔

(z - w) (z-w) ≤ (z+w) (z+w) ⇔

z - w  ≤ z+w  ⇔ z - w 2 ≤ z+w 2⇔ 

§Y™H 4Ô˘ £∂ª∞∆√™

⇔⇔
⇔

f′(ξ) = 0 (2)0 = f′(α) ≤ f′(ξ) ≤ f′(β) = 0

f′f″(x) ≥ 0x ∈ R

f(β) - f(α) = f′ (ξ) (β-α)  (1)ξ ∈ (α,β)

α≠β

§Y™H 3Ô˘ £∂ª∞∆√™

(0, +∞)

g′(x) > 0

f′(ξ) < f′(x)f′

(g)′(x) =
xf′(x) - xf′(ξ)

x2
 =

f′(x) - f′(ξ)
x

 ,  x>0

⇔ f(x) = x f′(ξ)  (2)

f(x) - f(0) = (x-0) f′(ξ) ⇔ f(x) - 0 = x f′(ξ)

ξ ∈ (0,x)

g′(x) =
xf′(x) - f(x)

x2
 , x>0, (1)

(0, +∞)

§Y™H 2Ô˘ £∂ª∞∆√™

f(x) ln2x = 1⇔f(x) = 1
ln2x

 ,  x>1

(f(e)⋅ ln2e = c ⇔1⋅ 12= c ⇔ c =1

⇔(f(x)⋅ ln2x)
′
 = 0 ⇔ f(x) = ln2x = c (2)

⇔(ln2x)′ f(x) + f′(x) (lnx)2 = 0

⇔2(lnx)′ f(x) = -f′(x)lnx ⇔ 2lnx (lnx)′ f(x) = -f′(x) (lnx)2 

2f(x)= -x⋅ f′(x)⋅ lnx ⇔ 2
x

 f(x) = -f′(x)⋅ lnx

§Y™H 1Ô˘ £∂ª∞∆√™

§Y™EI™

8f′(x) ≥ f2(1) + f2(3) - 2f(1) + 5, x∈R

∈ 
x∈Re z-1 ⋅x ≥ z+1  x+1

5Ô £∂ª∞ 

z - w  ≤ z+w

4Ô £∂ª∞ 

f(α) = f(β)α≠β

f″(x) ≥ 0x ∈ Rf′ (α) = f′ (β) = 0
f:R→R

3Ô £∂ª∞ 

(0, +∞)

g(x) = f(x)
x

(0, +∞)
f′(0, +∞)f′

f:[0, +∞)→R

2Ô £∂ª∞ 

2f(x) = -x⋅ f′(x)⋅  lnx,  x>1   (1)
f:(1, +∞)→R

1Ô £∂ª∞ 
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§Y™H 5Ô˘ £∂ª∞∆√™

6Ô £∂ª∞ 


